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Hardy and Ramanujan

Teacher: We’ve been recently working with prime numbers. Today we will be doing a short unit which will go a bit deeper into prime numbers. To get started, a few students have prepared a short skit that will introduce some mathematicians from history.
Narrator 1: It’s a foggy night in the port of Bristol, England in the year 1915. The distinguished mathematics professor G. H. Hardy has traveled there for a very exciting purpose. He is there to meet Srinivasa Ramanujan, a brilliant and imaginative young mathematician, arriving that evening after a lengthy voyage from India. Hardy had earlier received a letter from Ramanujan describing some bold theories using very odd mathematical notations. He initially ignored the letter, thinking it was from a crackpot, but upon further inspection determined that it came from an unknown genius. Hardy invited Ramanujan to come to England, where he has just arrived…
Hardy: Hallo there! Is that you Ramanujan?
Ramanujan: I am Srinivasa Ramanujan. Are you Professor Hardy?

Hardy: Indeed I am! I hope you have arrived in good health from your long time aboard ship. I am ever so excited about discussing your proof of the Prime Number Theorem once you are settled in at Cambridge. I have a carriage waiting.
Ramanujan: I am delighted to meet you Professor Hardy. I believe it is a long ride to Cambridge and I am quite prepared to demonstrate my work to you immediately.

Hardy: The information you have already sent me is very impressive. India has no school of advanced mathematics. How have you been able to accomplish all this? Your techniques are most unusual but your claims, if true, are astounding.

Ramanujan: I have had only basic mathematical training. Most of what I know has come from the book by George Carr.

Hardy: I know that volume. It contains only advanced formulas without any actual proofs. How could that have been useful to you?
Ramanujan: I took it upon myself to provide the proofs. The mathematical notations in my correspondence to you were invented by me. I am looking for to learning about your methods to supplement my own. My inspiration comes from the goddess Namagiri. She guides me by visions in the night.
Narrator 1: Thus Ramanujan and Hardy began a historic partnership. “The two men stood the world of mathematics on its head. It was East meets West, mysticism meets formality, and the combination was unstoppable.” (Hoffman 85). Unfortunately, Ramanujan was lonely, homesick and had problems adjusting to the bland English food. In 1918 he threw himself in front of an oncoming subway train.  A guard spotted him and pulled a switch, bring the train screeching to a stop a few feet in front of him. He died of Tuburculosis in 1920 at the age of 32, leaving a widow, no children and three notebooks full of mathematical musing that experts are still deciphering today. To the excitment of number theorists around the world, a fourth "lost" notebook was discovered in 1976. The notebooks contain hundreds of insightful formulas, all offered without proof, as if they had been handed down by God.
Narrator 2: Is all this prime number mumbo jumbo useful for anything? Professor Hardy didn't think so. He wrote a book called the "Mathematician's Apology" about how, much as he enjoyed his work playing with numbers, his life as a number theorist was essentially a waste of time and went to his grave thinking so. However, it turns out that prime numbers are the basis for most of the encryption used by spy agencies and used on the Internet to encode things like credit card numbers. It's hardly the first time that abstract mathematics became an important part of real world engineering.

Teacher: Ramanujan and Hardy were working on the Prime Number Theorem. This theorem is used to predict how many prime numbers exist which are less than a given number. For example, there are 5 prime numbers less than 10, 26 prime numbers less than 100, and 168 prime numbers less than 1000. Here is a graph which shows the relationship (graph not yet ready). The vertical axis shows the number of prime numbers less than the coordinate on the horizontal axis. Notice how the curve gets shallower as it moves to the right. That’s because the average distance between prime numbers gets larger as we move to the right. The large the number, the sparser, or more rare, the prime numbers around it.
Ramanujan and Hardy’s theorem is very advanced. Today we’ll discuss a much simpler but still challenging result which was proved by the Greek mathematician Euclid over two thousand years ago. The question is: How many prime numbers are there? Are there an infinite number of prime numbers? To look at it a different way, is there a largest prime number? Without any modern mathematics, and without really know what infinity was, Euclid was able to come up with an answer.
[ Table group discussion:

I’d like you to take a few minutes in your table groups to discuss whether or not there are an infinite number of prime numbers.

Teacher walks among table groups which discuss the question.
Teacher: Does anyone have something to report from your conversations?

Brief table reports ]
[ Alternative Socratic Seminar:

Teacher: Do you remember from last week what a Socratic Seminar is? Euclid and Socrates were both Greek. Euclid was born about twenty five years after Socrates died and would have been very familiar with his ideas and techniques. Let’s have a Socratic Seminar starting with the question: Are there an infinite number of prime numbers? ]
Teacher: You’ve taken some good stabs at this. Let’s move to how Euclid proved long ago that there are indeed an infinite number of prime numbers. As you know, if a number is prime it has no factors other than one and itself. If a number is composite, it has other factors. Who can tell me something about the remainder that you get when you divide a number by one of its factors. For example, what is the remainder of 20 divided by 4?
Student: Zero.

Teacher: Very good. Dividing a number by one of its factors gives a remainder of zero. Now, let’s say for the fun of it that the largest prime number is 5. We’re now going to discover how to show that there is a larger prime number than 5 without actually knowing about any larger prime numbers. I want each table group to take out a piece of paper and list the prime numbers that are less then or equal to 5…

Teacher points to a table group: What did you come up with? That’s right, 2, 3 and 5 are the prime numbers less than or equal to 5. Now, multiply these numbers together. Who can tell me what the product is? Correct, the product is 30:


2 x 3 x 5 = 30
What remainder do you get when 30 is divided by any of the numbers 2, 3 or 5? Yes, since they are factors of 30 the remainder is 0.
Next we’ll add 1 to the product to get 31:


2 x 3 x 5 + 1 = 31
Now, in your table groups, write down the remainder you get when 31 is divided by each of the four numbers on your list…

Teacher points to a table group: What are the remainders? Correct, they’re all 1. So, either 31 is a prime number or any prime factors are larger than 5. That proves that 5 can’t be the largest prime number as I claimed it was.
Please discuss in your table groups why the remainder you get from dividing 31 by the prime factors of 30 is 1.
Brief table reports

Teacher: So, the remainder you get when dividing the number by each factor is 0 Adding one to the number and dividing by any factor gives a remainder of 1.
Now, if I claim I’ve found the largest prime number, can you prove to me that I’m wrong? See if your table groups can use the results we’ve seen so far to show that no matter which number I claim is the largest prime number there is always a larger one.

Brief table reports

Teacher: You had some great discussions. Let’s summarize what we’ve found: If I claim that a number is the largest prime number, list all of the prime numbers less than or equal to that number. Multiply them together and add one. None of the prime numbers less than or equal to the original number are factors of this product plus 1 so we’ve found a number greater than the claimed largest prime number that has no factors less than or equal to the supposed largest prime. Either the new number is prime or any prime factors are larger than that that supposed largest prime. Either way, we’ve shown that given any prime number we can prove that there’s always a bigger one.
This simple proof is over two thousand years old.

This simple proof is over two thousand years old.

59 * 509 = 30031 = 2 * 3 * 5 * 7 * 11 * 13 + 1

x / log x - 1

Banks’ 5 Dimensions:

Content Integration – refers to an Indian mathematicians.

Knowledge Construction:

Refers to Ramanujan’s religious inspiration and unorthodox methods.

Equity Pedagogy:


Uses group dynamics, examples and visual aids. Introduces the material and summarizes the results. Uses dialog, history and characterization to stimulate non-mathematical interests.
Prejudice Reduction:


Refers to the shattering of Hardy’s assumption that an Indian mathematician couldn’t have come up with brilliant results

Empowering School Culture and Social Structure:


Not covered.
